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CONSTANT DIAMETER AND CONSTANT WIDTH OF
SPHERICAL CONVEX BODIES
HUHE HAN AND DENGHUI WU
Abstract. In this note we show that a spherical convex body C is of constant
diameter a if and only if C is of constant width a, for 0 < a < pi.
1. Introduction
Let Sn denote the unit sphere of the (n+ 1)-dimensional Eucliean space Rn+1.
For a convex body K in Rn+1, it is well-known that the property that K is of
constant diameter is equivalent to that it is of constant width. It is nature to ask
if this fact holds in the other spaces. This note considers the question in the unit
sphere Sn.
A set K ⊆ Sn is said to be spherically convex, if {λu : λ > 0, u ∈ K} is convex
in Rn+1. If the body K is a closed, spherically convex and has nonempty interior
(with respect to Sn), then the body K is spherical convex body. The boundary of
K is denoted by ∂K.
For an integer 1 ≤ k ≤ n, H denotes a (k+1)-dimensional subspace of Rn+1. We
call the intersection of the unit sphere Sn with H to be a k-dimensional subsphere
of Sn.
For two points P,Q ∈ Sn, the natural spherical distance of P and Q can be given
by
|PQ| = arccos(
−−→
OP ·
−−→
OQ),
where O is the origin, and · denotes the standard Euclidean scalar product. Let
K be a spherical convex body in Sn. The diameter of convex body K is defined
by max{|PQ| : P,Q ∈ K}. Following [5, Part 4], we say a convex body K in the
sphere is of constant diameter a, if for every point P ∈ ∂K there exists a point Q
of K such that |PQ| = a.
Fix P ∈ Sn, we denote by SP the hypersphere with centered at P , which is given
by
SP = {Q ∈ S
n :
−−→
OP ·
−−→
OQ = 0}.
The closed hemisphere with centered at P is written by S+P , which is
S+P = {Q ∈ S
n :
−−→
OP ·
−−→
OQ ≥ 0}.
For any subset W of Sn, the set ⋂
P∈W
S+P
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is called the spherical polar set of W and is denoted by W ◦. For any non-empty
closed hemispherical subset W ⊂ Sn, the equality s-conv(W ) = (s-conv(W ))◦◦
holds [8]. Here s-conv(W ) is the spherical convex hull of W :
s-conv(W ) =
{ ∑k
i=1 tiPi
||
∑k
i=1 tiPi||2
:
k∑
i=1
ti = 1, ti ≥ 0, Pi ∈W,k ∈ N
}
,
where || · ||2 denotes the standard n-dimensional Euclidean norm. More details
about spherical polar sets, see e.g. [1, 2, 3, 8]. Let K be a spherical convex body,
and P be a point on the boundary of K. If the hemisphere S+Q contains K and
P ∈ ∂K ∩ S+Q , we say S
+
Q supports K at P , or that S
+
Q is a supporting hemisphere
of K at P . If for every point P ∈ ∂K there exists a unique hemisphere supporting
K, then K is called smooth.
If hemispheres S+P and S
+
Q of S
n are different and not opposite, then S+P ∩S
+
Q is
called a lune of Sn. The thickness of lune S+P ∩S
+
Q is given by ∆(S
+
P ∩S
+
Q) = pi−|PQ|.
If S+P is a supporting hemisphere of a spherical convex body K, the width of K
with respect to S+P is defined in [4] by
widthS+
P
(K) = min{∆(S+P ∩ S
+
Q) : K ⊂ S
+
Q}.
The thickness of K is the minimum of widthS+
P
(K) over all supporting hemispheres
S+P . We say that the spherical convex body K is of constant width, if all widths of
K with respect to any supporting hemispheres are equal.
In this note we will show that
Theorem 1. Let C be a spherical convex body in Sn, and 0 < a < pi. The following
two propositions are equivalent:
(1) C is of constant diameter a.
(2) C is of constant width a.
We refer to the reader [6] for the cases of smoothness boundary and S2.
2. Proof of Theorem 1
To show Theorem 1, we mention the following fact, which is given in [5].
Lemma 2.1. [5] If C is of spherical convex body of constant width a, then the
diameter of C is a.
Applying this lemma, the following equivalent assertions can be given for spher-
ical convex body.
Lemma 2.2. Let C be a spherical convex body in Sn, and 0 < a < pi. The following
two assertions are equivalent:
(1) C is of constant width a.
(2) C◦ is of constant width pi − a.
We refer to the reader [7] for the case of S2.
Proof. Notice that C = C◦◦ for any spherical convex body. From this, it is sufficient
to prove that the assertion (1) implies the assertion (2). Let P˜ be a point of
3∂C◦. Let S+P be a supporting hemisphere of C
◦ at P˜ . Then there is a supporting
hemisphere S+Q of C
◦ such that
widthS+
P
(C◦) = ∆(S+P ∩ S
+
Q) = pi − |PQ|.
Since C is of constant width a, and P,Q are two points of ∂C, Theorem 2.1 implies
|PQ| ≤ a. Therefore, it follows that
widthS+
P
(C◦) = ∆(S+P ∩ S
+
Q) = pi − |PQ| ≥ pi − a.
Suppose that widthS+
P
(C◦) > pi−a. Since for any point R in ∂C, S+R is a supporting
hemisphere of C◦, it follows that
pi − |PR| = ∆(S+P ∩ S
+
R ) ≥ widthS+
P
(C◦) > pi − a.
This means the sharp inequalities |PR| < a hold for the fixed P and any points
R in ∂C. This contradicts to the fact that a is the diameter of C. Therefore,
widthS+
P
(C◦) = pi − a. 
We now in the position to show our main theorem.
Proof. We firstly prove that the assertion (1) implies the assertion (2). By Lemma
2.2, it is sufficient to show that spherical convex body C is of constant diameter a
then C◦ is a spherical convex body of constant width pi−a. Let P˜ be a point of ∂C◦,
here ∂W stands for the boundary of convex body W . Let S+P be the supporting
hemisphere of C◦ at P˜ . Notice that C = C◦◦ implies P is a point of ∂C. By
assumption, there exists a point Q of ∂C such that |PQ| = a. So it follows that
C◦ ⊂ (S+P ∩ S
+
Q) and
(1) widthS+
P
(C◦) ≤ ∆(S+P ∩ S
+
Q) = pi − |PQ| = pi − a.
We claim that the equality in (1) should be hold. In fact, there will be a contradic-
tion if widthS+
P
(C◦) < pi − a. Suppose that widthS+
P
(C◦) = b < pi − a. Then there
is a supporting hemisphere S+R of C
◦ such that
widthS+
P
(C◦) = ∆(S+P ∩ S
+
R ) = pi − |PR| = b.
This implies
(2) pi − |PR| = b = widthS+
P
(C◦) < pi − a,
or |PR| > a. This contracts with that a is the diameter of C, since P , R are points
of C. Then we have widthS+
P
(C◦) = pi−a. By Lemma 2.2, we get that the diameter
of C is a.
Nextly, assume that C is of constant width a. Lemma 2.2 shows that C◦ is
of constant width pi − a. Then, for every point P˜ in ∂C◦, there exists P in ∂C
such that widthS+
P
(C◦) = pi − a. For the fixed P , there exists a point Q ∈ ∂C
so that widthS+
P
(C◦) = ∆(S+P ∩ S
+
Q) = pi − a, which shows |PQ| = a. Moreover,
pi − a = widthS+
P
(C◦) ≤ ∆(S+P ∩ S
+
R ) = pi − |PR|, for any point R ∈ ∂C. Thus
|PR| ≤ a for any point R ∈ ∂C. Then the diameter of C is |PQ| = a. 
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